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Abstract 

Using critical point theory methods we undertake the existence and 
multiplicity of solutions for discrete anisotropic two-point boundary value 
problems. 

1 Introduction 

In this note we consider an anisotropic difference equation 

f A(|A«(A-l)|f(*- 1 )- a A«(fe-l))=A/(fe,«(fc)), m 
\ u(0) = u(T+l) = 0, 1 ' 

where A > is a numerical parameter, / : [0, T+ 1] x M T+2 — ► R, [a, b] for a < b, 
a,b € Z denotes a discrete interval {a, a+1, b}, Au(k — 1) = u (k) — u(k — i) is 
the forward difference operator; p : [0, T + 1] — > R + , p~ = min fcg [ r+i] P (&) > 1 
and p + = rnaXfegfcr+i] P (^) > lj 9 : [0, + 1] — > R + stands for the conjugate 
exponent. We aim at showing that problem ([T]) has at least one, at least two 
nontrivial solutions. The approach relays on the application of the direct method 
of the calculus of variations, the mountain pass technique and next the version of 
a finite dimensional three critical point theorem which we derive for our special 
case. 

Let us mention, far from being exhaustive, the following recent papers on 
discrete BVPs investigated via critical point theory, [T], [3], [5], [5], [TU], [TT] , 
[12] , [13] . These papers employ in the discrete setting the variational techniques 
already known for continuous problems of course with necessary modifications. 
The tools employed cover the Morse theory, mountain pass methodology, linking 
arguments. We can mention the following works concerning problems similar 
to (fTJ) , [S] , [S] , where the approach is variational. This is in strict contrast with 
the continuous counterpart of ([T]) - see for example [3] and its vast references. 



2 Variational framework for (pQ) 

By a solution to ([TJ) we mean such a function x : [0, T + 1] —> M which satisfies 
the given equation and the associated boundary conditions. Solutions will be 
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investigated in a space 

H = {u : [0, T + 1] -> R : u(Q) = tt(T + 1) = 0} 
considered with a norm 

1/2 



IHI= (El A <fc-i)l 2 ) 

Then (H, \ \ ■ | ) becomes a Hilbert space. The functional corresponding to (TIJ is 

T+l 1 T 

fc=J p ( fc - fcl 

where F(k,u(k)) = J " (fe) f(k,t)dt. With any fixed A > functional J> is 
differentiable in the sense of Gateaux and its Gateaux derivative reads 

T+l T 

h' x (u),v\ = |Au(fc-l)| p ( fe - 1 ^ 2 Au(fc-l)Ai;(fc-l)-A^/(fc,u(fc))?;(fc). 
fe=i fe=i 

A critical point to J\, i.e. such a point u € E that 

j' x (u),v\ = for all v E E 

is a weak solution to ([1]). Summing by parts we see that any weak solution to 
|T]) is in fact a strong one. Hence in order to solve (fTJ) we need to find critical 
points to J\ and investigate their multiplicity. 

The following auxiliary result was proved in [5]. 

Lemma 1 (a) There exist two positive constants C\ and Ci such that 

T+l 

^lA^fc-l)!^" 1 ) >Ci||tx||"~ -Ca 
fc=i 

for every u 6 H with \ \u\\ > 1. 
(b ) For any m > 2 there exists a positive constant c m such that 

T T+l 

$>(A)r< Cw X;iAti(*-i)p 
fc=i fe=i 

/or every u G H . 
We note that 

T T+l 

2 m j>(Aor >£iAu(fc-i)r (2) 



fc=l k=l 
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for any m > 2. Since any two norms on a finite-dimensional Banach space are 
equivalent, then there is a positive constant K m (depending on m) with 

T 

(K m r\\ u \r >$>(fc)r. 
fc=i 

It can be verified that 

/T+l \ l l m 

(r+i)T^||u||< i^\Au(k-i)\ m \ <(r+i)»||«|| (3) 

for any u 6 H and any m > 2. 

Let us recall some preliminaries from critical point theory. Let E be a reflex- 
ive Banach space. Let J e C 1 (i?,]R). For any sequence {u n } C E, if {J(u„)} is 
bounded and J (u n ) — > as n — > oo possesses a convergent subsequence, then 
we say J satisfies the Palais-Smale condition - (PS) condition for short. 

Theorem 2 (Mountain pass lemma)j7jj Let J satisfy the (PS) condition. Sup- 
pose that 

1. J(0) = 0; 

2. there exist p > and a > such that J(u) > a for allu 6 E with \ \u\\ = p; 

3. there exist u\ in E with \ \u\\\ > p such that J(ui) < a. 

Then J has a critical value c > a. Moreover, c can be characterized as 

inf max J(u), 
s er«e s ([i,o]) 

where F = {g e C([l, 0],E) : g(0) = 0, g{\) = m}. 

Theorem 3 '7i 'If functional J : E —¥ R ; J is weakly lower semi- continuous and 
coercive, i.e. limn^n^oo J{x) = +oo, then there exist xq such that 

inf J(x) = J{xq) 

and Xq is also a critical point of J , i.e. J (xq) = 0. Moreover, if J is strictly 
convex, then a critical point is unique. 

3 Existence of solution by a direct method and 
a mountain pass lemma 

In this section we are concerned with the applications of Theorems [3] and [2] in 
order to get the existence results. We introduce firstly some assumptions. 
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HI a : [1, T] ->• R+, b : [1, T] — s> M are such that 

\f(k,t)\ < a{k)\t\ q{k) +b(k) for all teR and all k € [1,T]. 
H2 ai : [1,T] -> R +! b x : [1,T] -> M are suc/i t/iat 

|/(M)I > ai(fc)|t| ?(fc) +6i(fc) /or fllltel and all k E [1,T] . 
H3 c : [1, T] — > R+ is such that 

\f(k,t)\ > c(k)\t\ q{k) for allteR and all k E [1,T] . 
H4 ci : [1,T] -> R+ is suc/i i/iai 

|/0M)| < ci(fc)|t|« (fc) for allteR and all k £ [1,T\. 
Theorem 4 Assume that condition HI holds. Then 
^4\l) functional J\ is coercive provided pT > q + + 1 ; 

^2) if p" = q + + 1, then there is X* such that for any A £ (0, A*) functional 
J\ is coercive. 

Proof. Note that 



^))^=EL r (fc)l ; ( gr +1 



EiLJ^W*)!*!^ 

ELi K*0I 9++1 + 6+ ELi |u(fc)| < 



ELi *(*)«(*)< 



a c ,+ + i y^ t +! 
<T+1 



Eli 1 |A U (fc)|9 + + 1 + 6+ Cl ELi 



where constants c g + +1 and ci in the last inequality follow from lemma [ljb). 
Using the above estimation we obtain 



Jx(u) > ES"i k^T) l A "( fc " l)!** -1 ' - A ^H? ±±i EiK |A U (fc)|« + 



+i 



-A&+ciELil A «WI 



Using Lemma [lja) we have 



T+l 



'£\Au(k-l)\X k -» >Ci|H|p" -C 2 



fe=l 
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Hence 

Mu) > $\\u\\p- -C 2 - A^±±i El=i |Au(fc)| 9++1 - A6+ Cl ELi |Au(fe)|. 

Thus J\(u) — > oo as | |u| | — > oo in case p~ > + 1. 

Let us now assume that p~ = <Z + + 1. Then J\(u) — » oo as ||it|| — >• oo in case 

%-A a+C ^ ++1 >Q. 
p + q~ + 1 

Thus there is A* such that for any A € (0, A*) the functional J(u) is coercive. 
In fact we may take A* = +l ' . ■ 

Now, we immediately obtain the following existence result. 

Theorem 5 Assume that condition HI holds and let f (k,0) =/= for at least 
one k £ [1,T]. Then problem (QJ) has at least one nontrivial solution for all 
A > provided p~ > q + + 1. When p~ = q + + 1, f/iere is A* such that for any 
A G (0, A*) problem (Qp /ias ai Zeast one nontrivial solution. 

Proof. Indeed, functional J\ is continuous differentiable in the sense of Gateaux. 
The assertion follows than by Theorem |4] and Theorem [3l ■ 

Theorem 6 Assume that condition H2 holds. Then 

{H-Zj functional J\ is anti-coercive provided p + < q~ + 1; 

^2) if p + = q~ + 1, then there is A* such that for any A > A* the functional 
J\ is anti- coercive. 

Proof. As in the proof of Theorem @] we see by © that 

E T k =ink,u(k))> 

SLr IM* - + ¥ ELi IM* - 1)|. 

Using the above we have for some constant c 



1 ,, „*+ 



Ja(u) < — rlM| p + - A— Tr\\ u \\ q -t] +c\\u 



Hence by ([3]) we see that 



This inequality provides the assertion. ■ 
The existence result immediately follows. 
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Theorem 7 Assume that condition H2 holds and let f (k,0) ^ for at least 
one k S Then problem (QJ) has at least one nontrivial solution for all 

A > provided p + < q~ + 1. When p + = q~ + 1, there is X* such that for any 
A > A* problem ^j) has at least one nontrivial solution. 

When / (k, 0) = for all k G [1, T] Theorem [3] yields the existence of at least 
one solution which in this case may become trivial. So that we will use some 
different methodology pertaining to Theorem [2j This however requires some 
additional assumptions. 

Corollary 8 (i) Assume that conditions HI, H3 hold and let p~ > q + + 1. 

Then for any M < there is positive A* such that for any A > A* and for 
all \ \u\ \ = 1 we have J\(u) < M. 

(ii) Assume that conditions H2, H4 hold and let q~ + 1 > p + . Then there is 
A*, t > and M > such that for any A 6 (0, A*) and for all \ \u\ \ = t we 
have J\(u) > M. 

Proof. We will prove only the first assertion. Let us fix any M > 0. Note that 
by the proof of Theorem [SJ see relation we obtain that for all ||tt|| = 1 



when A > A* 



Corollary 9 



T , . T + l Xc-(T + l)2-,-+i 

'-AT+^-)( g ++l)2«-+ 1 



c-(T+l) 2 -i~ + 1 



(i) Assume that conditions HI, MS hold and let p > q + + 1 and f (k, 0) = 
for k € [1,T]. Then problem (QJ) has at least one nontrivial solution for 

all A > A* = i — > , . 



c-(T+l) 2 -«~ + 1 

(ii) Assume that conditions H2. H4 hold and let q~ + 1 > p + . Then there is 
A* such that {Ip has at least one nontrivial solution for all A £ (0, A*). 

Proof. We will show that all assumptions of Theorem [5] are satisfied in case of 
assertion (i). We put E\ = —J\. Now we see that E\ is anti-coercive. Next we 
note that E\ (0) = 0. Thus assumptions 1. and 3. of Theorem [5] are satisfied. 
Assumption 2. follows by Lemma [S] Hence the assertion of the theorem follows. 



4 General multiplicity result 

In this section we are concerned with the existence of multiple solutions. We 
will use the version of the three critical point theorem. In order to do so we 
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shall somehow generalize the main result, namely Theorem 3 from [2] which is 
proved for some special functional containing term ||-|| . We note that however, 
that this term can be replaced by any nonnegative, coercive function being 
at 0. Our proof in fact follows the ideas employed in [2]. Let us start from 
the following abstract result which is used in the proof Theorem 3 from [5J and 
which we also use. 

Theorem 10 Let (X, r) be a Hausdorff space and $, J : X — > R be Junctionals; 
moreover, let M be the (possibly empty) set of all the global minimizers of J and 
define 

a = inf 3>(x), 

/ in£ xeM *(as), i/M^0, 
P \ sup xex $(x), ifM = <D. 

Assume that the following conditions are satisfied: 

(101 1) for every a > and every p £ 1 the set {x G X : + o~J{x) < p} is 
sequentially compact (if not empty); 

mh2) a<{3. 

Then at least one of the following conditions holds: 

(101 3) there is a continuous mapping h : (a, (3) X with the following property: 
for every t S {a, (3), one has 

HKt)) = t 

and for every x G with x ^ h(t), 

J(x) > J(h(t)); 

(10\ A) there is a* > such that the functional $ + er*J admits at least two global 
minimizers in X . 

Theorem 11 Let H be a finite dimensional Banach space. Assume that J, /x G 
C (H), [i (x) > for all x G H , /i(0) = and \i is coercive. Let < r < s be 
constants. Assume that 

[Ml) limsup^^^g >0; 

m\2) inf ue _ff J(u) < 'mf^ u )< s J(u); 

J(0) <inf r < p (t,)<,J(«). 

Then there is X* > such that the functional u i-> fi(u) + X*J(u) has at least 
three critical points in H . 
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Proof. Define a continuous functional $ : H — > K in the following way 

!fi(u), if n(u) < r, 
r, if r < fi(u) < s, 
— s + r, if > s. 

Let M, a and /3 be defined as in Theorem [TU] At first we show that j3 > r. We 
consider two cases: 

Case 1. Assume that M ^ 0. The set M of minimizers of continuous functional 
J is closed, and therefore there isle M with = (3. Hence by ((TTJ2) we 
obtain that n(u) > s, and thus 

/3 = = — s + r > r. 

Case 2. Assume that M = 0. Then /3 — oo > r. 

Now we will show that the assumptions of Theorem [10] are fulfilled. Note 
that for any a > we have 

liminf p(tl )^ 00 ($(w) + <jj(u)) = liminf Jtl („)_ ) . 00 (/x(u) - s + r + <rJ(u)) = 
liminf M(tl) ^ 00 n(u) (l ~ + > 

Kminf /t ( u )_ >0O fi(u) • liminf (l - + (7 j^T)) > liminf M(u) _ voo = oo. 

Hence by the above and by the continuity of $ and J we obtain that the set 
{u e X : $(m) + aJ(u) < p} is closed and bounded, and consequently compact. 

By the definition of $ we have a — inf ue H = 0. Thus since (3 > r > 
we obtain that /3 > a. By Theorem [10] one of the two conditions (fT0l3) and 
(JTDJ4) holds. We will show that (fTTTl 3') cannot hold. Suppose to the contrary 
that (fT0l 3) holds true, i.e. there is a mapping h : (0,0) H with <5>(h(t)) = t 
for every t £ (0, /3). Since r G (0,/3), then 

f < r ®(h(t)) < r <^> n(h(t)) < r, 

t = r <^ $(h(t)) = r <^=> r < n(h(t)) < s, 

t > r ®(h{t)) > r fJ*{h{t)) > s. 

Therefore 

lim sup n(h(t)) < r = fi(h(r)), 

t->7— 

liminf fi>(h(t)) > s > fx(h(r)). 

But this contradicts the continuity of h. Hence the condition IT0l 4) holds, that 
is there is a* > such that the functional <f> + ct* J has at least two minimizers, 
say Mi and U2 (u\ ^ U2). 

We will show that fJ,(ui) < r or n(ui) > s for i = 1,2. Suppose to the 
contrary, that r < jti(tti) < s for some i = 1,2. Then 

$(«,-) + cr* J( Ml ) = r + a*J{ui) > a*J( Ui ) = $(0) + cr* J(0), 
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which contradicts with the fact that Uj is a minimizcr of $ + a* J. Put 



E(u) = fj,(u) + <r*J(u). 



Note that u\ and 1*2 are Zoca/ minimizers of E. Moreover E € C 1 (i/, K). We 
need only to show that i? has at least one critical point 113 £ iJ \ {1*1,1*2}. 
If both u\ and U2 are strict local minimizers of E, then using Mountain Pass 
technique (see Theorem 2]) we will find a critical point 1*3 ^ {1*1,1*2}. If one 
of u\ and U2 is not strict local minimizer, then E admits infinitely many local 
minimizers at the same level. ■ 

5 Applications of multiplicity result for anisotropic 
problems 

In order to apply Theorem Qj] for ([T]) we introduce the following notation. Let 



/*(«) = T,l=i ^^try|Au(fc - l)!**" 1 ). Clearly fi e C 1 M (0) = 0, n > 



and /it is coercive. For numbers r, s > we put r' = inf { 1 1 ii 1 1 : /i(it) > r} and 
.s' = sup}!!?!^ : n(u) < s}. Hence 



Let F(k,t) = f*f(k,T)dr, J{u) = -ELi F ( fc X fc )): and E x {u) = fi(u) + 
XJ(u). 



Then there exists X* such that the functional E\* has at least three critical 
points, two of which must be nontrivial. 

Proof. By Lemma[TJa), > ci||u|| p — C2 for some positive constants ci,C2 
and 1 1 tt 1 1 > 1. Since there is a positive C3 with 





Theorem 12 Let < r < s. Assume that 



Ml) Iimsup ]tKoo < for any k e [1,T]; 

tM2) ELx ™V\t\<s> F(k, t) < ELi su PteR F(k, t); 

sup,„< t < s , F(k,t) < -E^ fc sup| t |< fl , F(h,t) for any k e [1,T]. 



T 



P 



then 



T T 



P 
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provided fi(u) is sufficiently large. 

Let e > 0. Using 1(121 1) we will find if > with 



|t|p _ 2T 

for any k G [1,T] and |t| > if. Let M = max{F(fc,i) : fc G [l,T],|i| < K}. 
Then for > MT/e with ||it|| > 1 we obtain 

J{u) = -E T k =iF(k,u(k)) > ELi \F(k,u(k))\ > 
H(u) n(u) fj,(u) 

J2\ u (k)\<K \F(k,u(k))\ E H k)\>K \F(k,u(k))\ 



> 



M ^ \F(k,u(k))\ > 

K/c)|<i? ' |u(fe)|>K 2 

_ y £_ y £ = _ e . 

|«(fe)|<K |w(fc)|>X 

Hence we get condition (JTTJl). 

To show condition ((TT12) we consider two cases. 
Case 1. Suppose that inf ue # J( u ) > —00. We will show that for any a > 
the following equality holds 

T 

inf J(u) = -V sup F(k,t). (5) 

IM|oo<CT fe = ll*l< cr 

Note that for any | |oo < & we have 

T T 

J(tt) = - F(k, u(k)) > ~ Yl SU P *) 
fc=i fc=il*l^ CT 

On the other hand for any e > and fc G [1, T] there is \tk\ < <r with 

F(k,t k )> sup F(A,t)-£. 

|i|<CT J 

Define u £ H by u(k) = tk for fc 6 [1,T]. Then [|w||oo < c and 

T T 
J(u) = - ^ F(fc, u(Jfc)) < - sup F(ft, t) - e. 
fc=i fe=i 

Hence we obtain ((5]). Similarly one can show that 

T 

inf :j(u) = -J2 sup F(fc,t). (6) 
" e felt feR 
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Now, using ([1212). © and © we obtain 

T T 

inf J(u) = - VsupF(M) < -V sup F(fc,t) = inf J(u) < inf J(u). 

fc=l teR k~l^^~ s ' IMI°o<«' ti(u)<s 

Case 2. Suppose that inf ue fr = — oo. Then (|11I 2) holds since continuous 
functional J attains its minimum on compact set {u : |it||oo < s'}. 

Now we will show JTTJ3). Note that J(0) = 0. For any u £ H with r < 
fi(u) < s we haver' < ||u||oo < s' . Take jfe G [1,T] with \\u\loo = u(k). By (fT2l3) 
we obtain 

T 

J(«) = - XI »W) = »(*)) - E U W) ^ 
- sup F(fc, f) - V" sup F(h, t) > 0. 

r'<\t\<s> M fc 

Finally, by Theorem [TT] there is A* > such that the functional E\* has at least 
three critical points in H. ■ 

Corollary 13 Let < r' < s'. Suppose that there is a positive constant c such 
that 



r < 2 \f~TT ) and S > ~^2~ ^ P 

and conditions ilS\ l)- HTM 3) are fulfilled. Then there is X* > suc/i i/iai F^* 
has at least three critical points, two of which must be nontrivial. 



Proof. Let r > 0. Then > r is equivalent to 



T+l 

l)\p(k-l) > 



Therefore there is k G [1, T + 1] with 



-L— |Au(Jb- l)^*- 1 ) > 



p(fc-l) 1 v " -T+l 
Hence 



|A«(*-1)|>(^^) : 
Thus there is k G [1,T] with 



1^)1 > i A^i)^ > i f rp- 



2\ T+l / " 2 \T+1 



11 



Consequently 



inf{IMIoo:M«)>r}>U^) l~) 



Now, let s > 0. Then /z(u) < s is equivalent to 

T+l 



Hence 



-|Au(fc-l)| p(fe - 1) <s 



P(fc-l)' 

for every k G [1, T + 1]. Thus for every fc G [1, T + 1] we obtain 
|Au(fc - 1)| < (sp(k - l))Hjfcir. 

Note that if |Au(fc — 1)| < a for some a and every k G [1,T + 1], then |u(fc)| < 
2iia. Using this observation we obtain that 

|u(*)| < ^-p-(sp(k - l))^ 1 * . 

Thus 

||m||oo < 

Therefore 

T+l _J_ 
sup{||u|| co : //(u) < s} < — — (sp+)p- . 

Suppose that c > is such that 

, 1 / cp~ \^ , , T+l, . i 
r < - I — and s > — - — (cp T )p 



2 VT+ 1 

Since the following functions t n> inf{||u||oo : n(u) > t} and t i-> sup{||«|| 00 : 
< i} are continuous and their ranges are equal to [0,oo), then there are 
r < c < s with 

suplllwHoc : fj,(u) < s} — s' and inf{||u||oo : M u ) > r } = r ' ■ 



Example. Consider the following equation 

' A(|A U (0)| 2 A U (0))^2A(4^- U (1)), 

' A(\Au(l)\*Au(l))=4\(u(2)-±) 3 , 
u(0) = u(3) = 0. 
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Then T = 2, p(0) = 4, p(l) = 5, p~ = 4, p+ = 5, /(l,t) = 2 - 1) and 
/(2,i) = 4(£- ^) 3 . Thus 

t 4 1 / 1 \ 4 

F(l. <) = t 2 and F(2, i) = — r - [t . 

V ' ; 20 V ' 10 4 V 10 / 

Taking c = lwe obtain 

I f cp~ \ W 1 /4V T+l ■ .J— 3 i 

Hr+lJ = 2 U) « 0.5296 and— =-5*«2JM30. 

Take r' = 0.2 and s' = 3. Note that sup Q . 2 <| t |< 3 F(l, t) < 0, sup| t |< 3 F(l, t) = 
and sup teR F(l, t) = oo. Moreover sup ,2< * I <3 F(2, t) = and sup| t | <3 i) = 
sup tgK F(l,i) = yij. Hence by Corollary [13] the equation has at least three 
solutions for some A* > 0. 
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